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RIGIDITY OF ℓp ROE-TYPE ALGEBRAS
YEONG CHYUAN CHUNG1 AND KANG LI2
Abstract. We investigate the rigidity of the ℓp analog of Roe-type
algebras. In particular, we show that if p ∈ [1,∞)\{2}, then an isometric
isomorphism between the ℓp uniform Roe algebras of two metric spaces
with bounded geometry yields a bijective coarse equivalence between the
underlying metric spaces, while a stable isometric isomorphism yields a
coarse equivalence. We also obtain similar results for other ℓp Roe-type
algebras. In this paper, we do not assume that the metric spaces have
Yu’s property A or finite decomposition complexity.
Mathematics Subject Classification (2010): 46L85, 51K05, 46H15, 46H20
1. Introduction
Roe-type algebras are C∗-algebras associated to discrete metric spaces and
they encode the coarse (or large-scale) geometry of the underlying metric
spaces, and they have been well-studied, providing a link between coarse
geometry of metric spaces and operator algebra theory (e.g., [2, 13, 15, 17,
20, 21, 23, 30, 31, 32, 36, 40]). They feature in the (uniform) coarse Baum-
Connes conjecture (e.g., [32, 33, 41, 42, 43]), and have also recently been
found to be useful in the study of topological phases of matter (e.g., [18, 11]).
A natural question that arises is about the rigidity of these algebras, namely
how well the C∗-algebra encodes the coarse geometry of the metric space,
or whether the coarse geometry of a metric space can be recovered from its
Roe algebra, and this was well studied in [34, 37].
We will consider metric spaces with bounded geometry defined as follows:
Definition 1.1. Let X be a metric space. Then X is said to have bounded
geometry if for all R ≥ 0 there exists NR ∈ N such that for all x ∈ X, the
ball of radius R about x has at most NR elements.
Note that every metric space with bounded geometry is necessarily count-
able and discrete. The simplest examples of such metric spaces are finitely
generated discrete groups equipped with word metrics. Other interesting ex-
amples are box spaces of finitely generated residually finite groups (see e.g.
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[39, Definition 6.3.2]). We are particularly interested in (bijective) coarse
equivalence classes of such metric spaces in the following sense:
Definition 1.2. Let X and Y be metric spaces.
• A (not necessarily continuous) map f : X → Y is said to be uni-
formly expansive if for all R > 0 there exists S > 0 such that if
x1, x2 ∈ X satisfy d(x1, x2) ≤ R, then d(f(x1), f(x2)) ≤ S.
• Two maps f, g : X → Y are said to be close if there exists C > 0
such that d(f(x), g(x)) ≤ C for all x ∈ X.
• Two metric spaces X and Y are said to be coarsely equivalent if
there exist uniformly expansive maps f : X → Y and g : Y → X
such that f ◦ g and g ◦ f are close to the identity maps, respectively.
In this case, we say both f and g are coarse equivalences between X
and Y .
• We say a map f : X → Y is a bijective coarse equivalence if f is
both a coarse equivalence and a bijection. In this case, we say X and
Y are bijectively coarsely equivalent.
It was shown in [4, Theorem 4] that if X and Y are coarsely equivalent
metric spaces with bounded geometry, then their uniform Roe C∗-algebras
are Morita equivalent1. A partial converse was obtained in [34] under the
assumption that the metric spaces have Yu’s property A (see [43, Definition
2.1]), which can be regarded as a coarse variant of amenability. In fact, it
was shown in [34] that under the assumption of property A, ∗-isomorphisms
between Roe-type C∗-algebras yield coarse equivalences:
Theorem 1.3. [34, Theorem 4.1, Theorem 6.1 and Corollary 6.2] Let X
and Y be metric spaces with bounded geometry and property A.
(1) X and Y are coarsely equivalent if and only if their uniform Roe
C∗-algebras are stably ∗-isomorphic.
(2) If A∗(X) and A∗(Y ) are Roe-type C∗-algebras associated to X and
Y respectively, and there is a ∗-isomorphism between A∗(X) and
A∗(Y ), then X and Y are coarsely equivalent. The same conclusion
holds for the stable uniform Roe C∗-algebra.
The converse is true for UC∗(X), C∗(X), and C∗s (X).
If there is a bijective coarse equivalence between two metric spaces with
bounded geometry, then the proof of [4, Theorem 4] or [20, Proposition 2.3]
shows that their uniform Roe C∗-algebras are ∗-isomorphic. A partial con-
verse to this statement was obtained in [37] under the assumption that the
metric spaces have finite decomposition complexity as defined in [14].
Theorem 1.4. [37, Corollary 1.16] Let X and Y be metric spaces with
bounded geometry. Suppose X and Y have finite decomposition complexity.
1Note that for σ-unital (in particular unital) C∗-algebras, being Morita equivalent is
the same as being stably ∗-isomorphic [5, Theorem 1.2].
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Then X and Y are bijectively coarsely equivalent if and only if their uniform
Roe C∗-algebras are ∗-isomorphic.
In the purely algebraic setting, it was shown in [34, Theorem 5.1 and
Theorem 6.1], [37] and [3, Theorem 8.1] that the results above hold without
requiring property A or finite decomposition complexity as follows:
Theorem 1.5. Let X and Y be metric spaces with bounded geometry.
(1) X and Y are bijectively coarsely equivalent if and only if their alge-
braic uniform Roe algebras are ∗-isomorphic.
(2) If A[X] and A[Y ] are algebraic Roe-type algebras associated to X
and Y respectively, and there is a ∗-isomorphism between A[X] and
A[Y ], then X and Y are coarsely equivalent. The same conclusion
holds for the algebraic stable uniform Roe algebra.
The converse is true for UC[X], C[X], and Cs[X].
In this paper, we will study the rigidity problem for the ℓp analog of
uniform Roe algebras and other Roe-type algebras for 1 ≤ p <∞.
Definition 1.6. Let (X, d) be a metric space with bounded geometry and
1 ≤ p < ∞. For an operator T = (Txy)x,y∈X ∈ B(ℓ
p(X)), where Txy =
(Tδy)(x), we define the propagation of T to be
prop(T ) = sup{d(x, y) : x, y ∈ X,Txy 6= 0} ∈ [0,∞].
We denote by Cpu[X] the unital algebra of all bounded operators on ℓ
p(X)
with finite propagation. The ℓp uniform Roe algebra, denoted by Bpu(X), is
defined to be the operator norm closure of Cpu[X] in B(ℓ
p(X)).
The ℓp uniform Roe algebra belongs to a class of algebras that we may
call ℓp Roe-type algebras (see Definition 3.6). Such algebras were considered
in [35] in connection with criteria for Fredholmness. Other examples of ℓp
Roe-type algebras that may be of particular interest are the following:
(1) The ℓp uniform algebra of X, denoted UBp(X), is the operator norm
closure of the algebra UCp[X] of all finite propagation bounded op-
erators T on ℓp(X, ℓp) such that there exists N ∈ N such that for all
x, y ∈ X, we have that Txy is an operator on ℓ
p of rank at most N .
(2) The ℓp Roe algebra of X, denoted Bp(X), is the operator norm clo-
sure of the algebra Cp[X] of all finite propagation bounded operators
T on ℓp(X, ℓp) such that for all x, y ∈ X, we have Txy ∈M
p
∞, where
M
p
∞ =
⋃
n∈NMn(C) ⊂ B(ℓ
p(N)).
An alternative definition of the ℓp Roe algebra is to require Txy ∈ K(ℓ
p(N))
for all x, y ∈ X. When p ∈ (1,∞), we have M
p
∞ = K(ℓ
p(N)) so we get the
same algebra as above. However, when p = 1, M
1
∞ is strictly contained in
K(ℓ1(N)). Nevertheless, we still get an ℓp Roe-type algebra that is a coarse
invariant, and our rigidity result still holds for this algebra.
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Another related example that is not quite a Roe-type algebra but exhibits
similar behavior is the stable ℓp uniform Roe algebra of X, denoted Bps (X),
and is the operator norm closure of the algebra Cps[X] of all finite propagation
bounded operators T on ℓp(X, ℓp) such that there exists a finite-dimensional
subspace ET ⊂ ℓ
p such that for all x, y ∈ X, we have Txy ∈ B(ET ). One
can easily check that it is isomorphic to Bpu(X) ⊗K(ℓ
p(N)) for p ∈ [1,∞).
We can also give an alternative definition of the stable ℓp uniform Roe
algebra by requiring the existence of some k ∈ N such that Txy ∈ Mk(C)
for all x, y ∈ X. This algebra will then be isomorphic to Bpu(X) ⊗M
p
∞ for
p ∈ [1,∞), and is different from the algebra defined above only when p = 1.
It may be worth noting that ℓ1 Roe-type algebras are structurally different
from ℓp Roe-type algebras for p ∈ (1,∞) in that ℓ1 Roe-type algebras may
not contain some finite rank operators while ℓp Roe-type algebras contain
all finite rank operators when p ∈ (1,∞). An example is given in Remark
2.2 for the ℓ1 uniform Roe algebra.
The following is a summary of the main results of this paper:
Theorem 1.7. (see Theorem 2.6, Theorem 3.4, and Theorem 3.8) Let X
and Y be metric spaces with bounded geometry, and let p ∈ [1,∞) \ {2}.
(1) X and Y are bijectively coarsely equivalent if and only if their ℓp
uniform Roe algebras are isometrically isomorphic.
(2) X and Y are coarsely equivalent if and only if their ℓp uniform Roe
algebras are stably isometrically isomorphic.
(3) If Ap(X) and Ap(Y ) are ℓp Roe-type algebras associated to X and Y
respectively, and there is an isometric isomorphism between Ap(X)
and Ap(Y ), then X and Y are coarsely equivalent. The same con-
clusion holds if Bps (X) and B
p
s (Y ) are isometrically isomorphic.
The converse is true for UBp(X), Bp(X), and Bps (X).
Corollary 1.8. (see Corollary 2.9 and Corollary 3.9) Let X and Y be metric
spaces with bounded geometry, and let p ∈ [1,∞).
(1) X and Y are bijectively coarsely equivalent if and only if Cpu[X] and
C
p
u[Y ] are isometrically isomorphic.
(2) If Ap[X] and Ap[Y ] are algebraic ℓp Roe-type algebras associated to
X and Y respectively, and there is an isometric isomorphism between
Ap[X] and Ap[Y ], then X and Y are coarsely equivalent. The same
conclusion holds if Cps[X] and C
p
s[Y ] are isometrically isomorphic.
The converse is true for UCp[X], Cp[X], and Cps[X].
Note that we actually do not need to assume property A or finite decom-
position complexity in the theorem as long as we exclude the case p = 2.
Isometric isomorphisms between ℓp uniform Roe algebras are spatially im-
plemented by invertible isometries between the underlying ℓp spaces (see
Lemma 2.1). Moreover, we have Lamperti’s theorem from [19] that describes
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such invertible isometries when p ∈ [1,∞) \ {2}. In particular, Lamperti’s
theorem provides a bijective map between the underlying metric spaces,
and this map turns out to be a coarse equivalence. Another consequence of
Lamperti’s theorem is that such isometric isomorphisms map matrix units
to matrix units up to multiplying by a scalar with absolute value one, which
makes the arguments in the p 6= 2 case slightly simpler than in the p = 2
case (e.g. in the proofs of Lemma 2.5 and Lemma 3.3). The same is true for
isometric isomorphisms between general ℓp Roe-type algebras, except that
Lamperti’s theorem may provide a bijective map between X×N and Y ×N,
from which one can obtain a coarse equivalence between X and Y . In the
C∗-algebraic setting as in [34, 37], Lamperti’s theorem is inapplicable, and
property A and finite decomposition complexity played an essential role in
producing a (bijective) coarse equivalence between the metric spaces.
Let us briefly describe how this paper is organized. In section 2, we
consider isometric isomorphisms between ℓp uniform Roe algebras, while in
section 3, we consider stable isometric isomorphisms between ℓp uniform Roe
algebras and isometric isomorphisms between other ℓp Roe-type algebras. In
fact, the arguments in section 3 are very similar to those in section 2, and
require just a little more work, mainly because Lamperti’s theorem gives us
a map from X × N to Y × N in that case instead of a map from X to Y .
2. Isometrically isomorphic ℓp uniform Roe algebras
In this section, we consider isometric isomorphisms between ℓp uniform
Roe algebras associated to metric spaces with bounded geometry, and show
that when p ∈ [1,∞)\{2}, these isometric isomorphisms give rise to bijective
coarse equivalences between the underlying metric spaces.
We begin by noting that any isometric isomorphism between ℓp uniform
Roe algebras must be spatially implemented by an invertible isometry.
Lemma 2.1. Let X and Y be metric spaces with bounded geometry, and
let p ∈ [1,∞). If φ : Bpu(X) → B
p
u(Y ) is an algebra isomorphism between
ℓp uniform Roe algebras, then there exists a bounded linear bijection U :
ℓp(X)→ ℓp(Y ) such that φ(T ) = UTU−1 for all T ∈ Bpu(X). In particular,
φ is continuous.
Moreover, if φ is also isometric, then U is an invertible isometry.
Proof. Fix x0 ∈ X, and consider the rank one idempotent operator δx0 ⊗
δx0 ∈ ℓ
p(X) ⊗ ℓp(X)∗. Note that this operator has propagation zero so it
belongs to Bpu(X). Now φ(δx0 ⊗ δx0) is also a rank one idempotent operator,
so φ(δx0 ⊗ δx0) = f ⊗ σ for some unit vector f ∈ ℓ
p(Y ) and σ ∈ ℓp(Y )∗ with
σ(f) = 1. If φ is isometric, then we also have ||σ|| = 1.
Now note that ξ ⊗ δx0 ∈ B
p
u(X) for all ξ ∈ ℓ
p(X). Moreover, we have
φ(ξ ⊗ δx0) = φ(ξ ⊗ δx0)φ(δx0 ⊗ δx0) = φ(ξ ⊗ δx0)f ⊗ σ.
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Define U : ℓp(X)→ ℓp(Y ) by Uξ = φ(ξ⊗δx0)f . Then U
−1η = φ−1(η⊗σ)δx0
for η ∈ ℓp(Y ). Moreover, if φ is an isometry, then U is an isometry. For any
T ∈ Bpu(X) and ξ, σ ∈ ℓ
p(X), we have
φ(T )Uξ ⊗ σ = φ(T (ξ ⊗ δx0))f ⊗ σ = φ(Tξ ⊗ δx0)f ⊗ σ = UTξ ⊗ σ,
showing that φ(T ) = UTU−1.
To see that U is bounded, first note that δy ◦U is bounded for all y ∈ Y .
Indeed, since η ⊗ δy ∈ B
p
u(Y ) for any η ∈ ℓ
p(Y ) and y ∈ Y , there exists
T ∈ Bpu(X) such that UTU
−1 = φ(T ) = η ⊗ δy, and
T = U−1(η ⊗ δy)U = U
−1η ⊗ (δy ◦ U).
Since T is bounded, it follows that δy ◦ U is bounded. Now suppose that
ξn → 0 in ℓ
p(X) and Uξn → η for some η ∈ ℓ
p(Y ). Fix y0 ∈ Y . Then
(δy0 ⊗ δy)Uξn → (δy0 ⊗ δy)η in ℓ
p(Y ). On the other hand,
δy0 ⊗ (δy ◦ U) = (δy0 ⊗ δy)U = US
for some S ∈ Bpu(X). Since δy ◦ U is bounded, so is US, and thus (δy0 ⊗
δy)Uξn = USξn → 0. Hence (δy0 ⊗ δy)η = 0 for all y ∈ Y , so η = 0. By the
Closed Graph Theorem, U is bounded. 
Remark 2.2.
(1) When p ∈ (1,∞), Lemma 2.1 is a special case of [8, Corollary 3.2] (or
the theorem in [24, Section 1.7.15]) as Bpu(X) contains all finite rank
operators on ℓp(X). However, when p = 1 and X is infinite, B1u(X)
does not necessarily contain all finite rank operators on ℓ1(X). For
example, consider X = N with the natural metric, and consider the
rank one idempotent operator on ℓ1(N) given by Tξ = (
∑
n ξn)δ0.
Suppose S ∈ C1u[N] has propagation R. Then S0,n = 0 for all n > R
so ||(T − S)δn||ℓ1(N) ≥ 1 for all n > R, and T is not a norm-limit
of operators with finite propagation, i.e., T /∈ B1u(N). The proof we
present above is a slight modification of that in [24, Section 1.7.15]
so as to include the case p = 1.
(2) If p, q ∈ (1,∞) satisfy 1
p
+ 1
q
= 1, then the map (Txy) 7→ (Tyx)
defines an isometric anti-isomorphism between Bpu(X) and B
q
u(X).
However, if X is infinite, then as a consequence of Lemma 2.1, there
is no algebra isomorphism between Bpu(X) and B
q
u(X) whenever 1 ≤
p < q < ∞ since there is no bounded linear bijection between ℓp(X)
and ℓq(X) in this case as a classical theorem by Pitt [27] (or see [1,
Theorem 2.1.4]) tells us that any bounded linear operator from ℓq(X)
to ℓp(X) must be compact.
A key ingredient for us is Lamperti’s theorem in [19], which we state in
the following form.
Proposition 2.3. Let X and Y be metric spaces with bounded geometry,
and let p ∈ [1,∞) \ {2}. If U : ℓp(X) → ℓp(Y ) is an invertible isometry,
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then there exists a function h : Y → T and an invertible function g : X → Y
such that (Uξ)(y) = h(y)ξ(g−1(y)) for all ξ ∈ ℓp(X) and y ∈ Y .
Note that for x ∈ X and y ∈ Y , we have
Uδx = h(g(x))δg(x) and U
−1δy = h(y)δg−1(y).
In particular, |〈Uδx, δg(x)〉| = 1 = |〈δg−1(y), U
−1δy〉| for x ∈ X and y ∈ Y .
Also note that if φ : Bpu(X) → B
p
u(Y ) is given by φ(T ) = UTU
−1, and
ex1,x2 is a matrix unit, then
φ(ex1,x2) = Uex1,x2U
−1 = h(g(x1))h(g(x2))eg(x1),g(x2).
Remark 2.4. In the C∗-algebraic setting considered in [34], Lamperti’s
theorem does not apply, so instead property A is used in the form of the
metric sparsification property, which in turn allows one to show that if
U : ℓ2(X) → ℓ2(Y ) is the unitary operator implementing the isomorphism
φ, then there exists c > 0 such that for each x ∈ X there exists f(x) ∈ Y
with |〈Uδx, δf(x)〉| ≥ c, and similarly for U
∗.
The next lemma shows that the function g in Proposition 2.3, as well as
g−1, is a bijective coarse equivalence.
Lemma 2.5. Let g be as in Proposition 2.3. For all R ≥ 0 there exists S ≥ 0
such that if x1, x2 ∈ X are such that d(x1, x2) ≤ R, then d(g(x1), g(x2)) ≤ S.
Also, if y1, y2 ∈ Y are such that d(y1, y2) ≤ R, then d(g
−1(y1), g
−1(y2)) ≤ S.
Proof. We prove only the first statement as the same argument holds with
the roles of X and Y reversed and with g−1 instead of g.
Assume for contradiction that it is false. Then there exists R ≥ 0 and se-
quences (xn1 ), (x
n
2 ) such that d(x
n
1 , x
n
2 ) ≤ R for all n, and d(g(x
n
1 ), g(x
n
2 ))→
∞ as n → ∞. We may assume that (xn1 , x
n
2 ) 6= (x
m
1 , x
m
2 ) if n 6= m. Thus∑
n∈N exn1 ,x
n
2
converges strongly to a bounded operator on ℓp(X) that is more-
over in Cpu[X] ⊆ B
p
u(X). Hence the sum
∑
n∈N
φ(exn
1
,xn
2
) =
∑
n∈N
h(g(xn1 ))h(g(x
n
2 ))eg(xn1 ),g(xn2 )
converges strongly to an operator in Bpu(Y ). But this contradicts the as-
sumption that d(g(xn1 ), g(x
n
2 ))→∞ as n→∞. 
The next theorem generalizes the non-K-theoretic part of [20, Theorem
4.10]. The implication (4) ⇒ (1) is the p 6= 2 analog of [37, Corollary 1.16],
which together with [16, Lemma 8] tells us that in the p = 2 case, an
isometric isomorphism between the uniform Roe algebras yields a bijective
coarse equivalence if the metric spaces have finite decomposition complexity.
Theorem 2.6. Let X and Y be metric spaces with bounded geometry. The
following are equivalent:
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(1) X and Y are bijectively coarsely equivalent.
(2) For every p ∈ [1,∞), there is an isometric isomorphism φ : Bpu(X)→
Bpu(Y ) such that φ(ℓ
∞(X)) = ℓ∞(Y ).
(3) Bpu(X) and B
p
u(Y ) are isometrically isomorphic for every p ∈ [1,∞).
(4) Bpu(X) and B
p
u(Y ) are isometrically isomorphic for some p ∈ [1,∞)\
{2}.
(5) For some p ∈ [1,∞), there is an isometric isomorphism φ : Bpu(X)→
Bpu(Y ) such that φ(ℓ
∞(X)) = ℓ∞(Y ).
Proof. (1) ⇒ (2): The proof we present here is based on the proof of [4,
Theorem 4] and [20, Proposition 2.3].
Let f : X → Y be a bijective coarse equivalence, and consider the in-
vertible isometry U : ℓp(X) → ℓp(Y ) satisfying Uδx = δf(x) for all x ∈ X.
Define φ : B(ℓp(X))→ B(ℓp(Y )) by φ(T ) = UTU−1. We show that φ maps
Bpu(X) into B
p
u(Y ).
Note that for all x1, x2 ∈ X, we have
〈φ(T )δf(x2), δf(x1)〉 = 〈Tδx2 , δx1〉.
Suppose that 〈Tδx′ , δx〉 = 0 whenever d(x
′, x) > R. There exists S > 0 such
that d(f(x1), f(x2)) < S whenever d(x1, x2) < R. Thus 〈φ(T )δf(x′), δf(x)〉 =
0 whenever d(f(x′), f(x)) > S. Since φ is continuous, it maps Bpu(X) into
Bpu(Y ).
Reversing the roles of X and Y , one sees that the homomorphism given
by ψ(T ) = U−1TU maps Bpu(Y ) into B
p
u(X), and is the inverse of φ. Hence
φ : Bpu(X) → B
p
u(Y ) is an isometric isomorphism. Moreover, the definition
of φ shows that it maps ℓ∞(X) onto ℓ∞(Y ).
(2) ⇒ (3) ⇒ (4) is trivial.
(4) ⇒ (1): If Bpu(X) and B
p
u(Y ) are isometrically isomorphic for some
p ∈ [1,∞) \ {2}, then by Lemma 2.1, we have an invertible isometry U :
ℓp(X) → ℓp(Y ). Let g : X → Y be as in Proposition 2.3. Then Lemma 2.5
implies that both g and g−1 are uniformly expansive, so g : X → Y is a
bijective coarse equivalence.
(2) ⇒ (5): It is clear.
(5)⇒ (1): If p = 2, we are done by [16, Lemma 8] and [37, Corollay 1.16].
If p 6= 2, it is clear that (5) ⇒ (4). 
Recall from [37, Definition 1.11] that a bounded geometry metric space
X is bijectively rigid if whenever there is a coarse equivalence f : X → Y to
another bounded geometry metric space Y , then there is a bijective coarse
equivalence f ′ : X → Y . It can be deduced from the proof of [38, Theorem
1.1] that every uniformly discrete, non-amenable bounded geometry metric
space is bijectively rigid. It is elementary to see that Z is also bijectively
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rigid. On the other hand, locally finite groups and certain lamplighter groups
are not (see [20] and [10]).
Corollary 2.7. Let X and Y be bijectively rigid metric spaces with bounded
geometry. The following are equivalent:
(1) X and Y are coarsely equivalent.
(2) For every p ∈ [1,∞), there is an isometric isomorphism φ : Bpu(X)→
Bpu(Y ) such that φ(ℓ
∞(X)) = ℓ∞(Y ).
(3) Bpu(X) and B
p
u(Y ) are isometrically isomorphic for every p ∈ [1,∞).
(4) Bpu(X) and B
p
u(Y ) are isometrically isomorphic for some p ∈ [1,∞)\
{2}.
(5) For some p ∈ [1,∞), there is an isometric isomorphism φ : Bpu(X)→
Bpu(Y ) such that φ(ℓ
∞(X)) = ℓ∞(Y ).
For general metric spaces with bounded geometry, coarse equivalence only
corresponds to stable isometric isomorphism of their ℓp uniform Roe alge-
bras, as we shall see in the next section.
Remark 2.8. We make a few remarks about the p = 2 case.
(1) The proof of [4, Theorem 4] or [20, Proposition 2.3] shows that a
bijective coarse equivalence between X and Y yields a ∗-isomorphism
φ between the uniform Roe C∗-algebras C∗u(X) and C
∗
u(Y ) such that
φ(ℓ∞(X)) = ℓ∞(Y ).
(2) For the converse, [34, Theorem 4.1] says that if X and Y are assumed
to have property A, then a ∗-isomorphism between their uniform Roe
C∗-algebras yields a coarse equivalence between X and Y .
(3) If X and Y are countable locally finite groups equipped with proper
left-invariant metrics, then a ∗-isomorphism between their uniform
Roe C∗-algebras yields a bijective coarse equivalence between X and
Y by [20, Theorem 4.10].
For the uncompleted algebras Cpu[X], we have the following result.
Corollary 2.9. Let X and Y be metric spaces with bounded geometry, and
let p ∈ [1,∞). Then Cpu[X] and C
p
u[Y ] are isometrically isomorphic if and
only if X and Y are bijectively coarsely equivalent.
Proof. IfX and Y are bijectively coarsely equivalent, then the proof of (1)⇒
(2) in Theorem 2.6 actually implies that Cpu[X] and C
p
u[Y ] are isometrically
isomorphic for every p ∈ [1,∞).
Now we assume that Cpu[X] and C
p
u[Y ] are isometrically isomorphic for
some p ∈ [1,∞). If p 6= 2, we can apply Theorem 2.6. If p = 2, then [16,
Lemma 8] and the proof in [37] or [3, Theorem 8.1] actually imply that X
and Y are bijectively coarsely equivalent without assuming FDC 2. 
2We could compare this with Theorem 1.4 in [34].
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3. Stably isometrically isomorphic ℓp uniform Roe algebras
In this section, we consider stable isometric isomorphisms between ℓp uni-
form Roe algebras associated to metric spaces with bounded geometry, and
show that when p ∈ [1,∞) \ {2}, these stable isometric isomorphisms give
rise to (not necessarily bijective) coarse equivalences between the under-
lying metric spaces. We also consider general ℓp Roe-type algebras. The
ingredients are essentially the same as in the previous section.
We will need to consider tensor products of Lp operator algebras so we
begin by making this notion precise. Details can be found in [9, Chapter 7]
and [25, Theorem 2.16].
For p ∈ [1,∞), there is a tensor product of Lp spaces with σ-finite
measures such that we have a canonical isometric isomorphism Lp(X,µ) ⊗
Lp(Y, ν) ∼= Lp(X × Y, µ × ν), which identifies, for every ξ ∈ Lp(X,µ) and
η ∈ Lp(Y, ν), the element ξ⊗η with the function (x, y) 7→ ξ(x)η(y) on X×Y .
Moreover, we have the following properties:
• Under the identification above, the linear span of all ξ ⊗ η is dense
in Lp(X × Y, µ× ν).
• ||ξ ⊗ η||p = ||ξ||p||η||p for all ξ ∈ L
p(X,µ) and η ∈ Lp(Y, ν).
• The tensor product is commutative and associative.
• If a ∈ B(Lp(X1, µ1), L
p(X2, µ2)) and b ∈ B(L
p(Y1, ν1), L
p(Y2, ν2)),
then there exists a unique
c ∈ B(Lp(X1 × Y1, µ1 × ν1), L
p(X2 × Y2, µ2 × ν2))
such that under the identification above, c(ξ ⊗ η) = a(ξ) ⊗ b(η) for
all ξ ∈ Lp(X1, µ1) and η ∈ L
p(Y1, ν1). We will denote this operator
by a⊗ b. Moreover, ||a⊗ b|| = ||a||||b||.
• The tensor product of operators is associative, bilinear, and satisfies
(a1 ⊗ b1)(a2 ⊗ b2) = a1a2 ⊗ b1b2.
If A ⊆ B(Lp(X,µ)) and B ⊆ B(Lp(Y, ν)) are norm-closed subalgebras, we
then define A⊗B ⊆ B(Lp(X × Y, µ× ν)) to be the closed linear span of all
a⊗ b with a ∈ A and b ∈ B.
We will write M
p
∞ for
⋃
n∈NMn(C) ⊂ B(ℓ
p(N)). When p ∈ (1,∞), M
p
∞
is equal to the algebra K(ℓp(N)) of compact operators on ℓp(N) [26, Corol-
lary 1.9], but when p = 1, there is a rank one operator (in fact, the operator
in Remark 2.2(1)) that is not in M
1
∞ [26, Example 1.10], so M
1
∞ is strictly
contained in K(ℓ1(N)). We will regard elements of Bpu(X)⊗M
p
∞ as bounded
operators on ℓp(X × N).
The following lemma is analogous to Lemma 2.1, and is proved in the
same way with the obvious modifications.
Lemma 3.1. Let X and Y be metric spaces with bounded geometry, and let
p ∈ [1,∞). If φ : Bpu(X)⊗M
p
∞ → B
p
u(Y )⊗M
p
∞ is an algebra isomorphism,
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then there exists a bounded linear bijection U : ℓp(X × N) → ℓp(Y × N)
such that φ(T ) = UTU−1 for all T ∈ Bpu(X) ⊗M
p
∞. In particular, φ is
continuous.
Moreover, if φ is also isometric, then U is an invertible isometry.
We now use Lamperti’s theorem in the following form.
Proposition 3.2. Let X and Y be metric spaces with bounded geometry,
and let p ∈ [1,∞) \ {2}. If U : ℓp(X × N) → ℓp(Y × N) is an invertible
isometry, then there exists a function h : Y × N → T and an invertible
function g : X×N→ Y ×N such that (Uξ)(y,m) = h(y,m)ξ(g−1(y,m)) for
all ξ ∈ ℓp(X × N), y ∈ Y , and m ∈ N.
Note that for x ∈ X, y ∈ Y , and n,m ∈ N, we have
Uδx,n = h(g(x, n))δg(x,n) and U
−1δy,m = h(y,m)δg−1(y,m).
Let πX : X ×N→ X and πY : Y ×N→ Y denote the respective coordinate
projections. Then consider the maps f : X → Y and f ′ : Y → X given by
f(x) = πY (g(x, 0)) and f
′(y) = πX(g
−1(y, 0)).
The next lemma shows that f and f ′ are uniformly expansive, and will
also be used in the proof of Theorem 3.4 to show that f ◦ f ′ and f ′ ◦ f are
close to the identity. The proof is essentially the same as that of Lemma 2.5
and is modeled after [34, Lemma 4.5].
Lemma 3.3. Let g be as in Proposition 3.2. For all R ≥ 0, there ex-
ists S ≥ 0 such that if x, x′ ∈ X satisfy d(x, x′) ≤ R and y, y′ ∈ Y sat-
isfy |〈Uδx,n, δy,m〉| = 1 = |〈Uδx′,n′, δy′,m′〉| for some m,n,m
′, n′ ∈ N, then
d(y, y′) ≤ S.
The same properties hold with the roles of X and Y reversed, and with U
replaced by U−1.
In particular, if f(x) = πY (g(x, 0)) and f
′(y) = πX(g
−1(y, 0)), then
(1) for all R ≥ 0, there exists S ≥ 0 such that if x, x′ ∈ X are such that
d(x, x′) ≤ R, then d(f(x), f(x′)) ≤ S;
(2) for all R ≥ 0, there exists S ≥ 0 such that if y, y′ ∈ Y are such that
d(y, y′) ≤ R, then d(f ′(y), f ′(y′)) ≤ S.
i.e., f and f ′ are uniformly expansive.
Proof. Assume for contradiction that it is false. Then there exist sequences
(xk), (x
′
k), (yk), (y
′
k), (mk), (m
′
k), (nk), (n
′
k) such that d(xk, x
′
k) ≤ R for each
k,
|〈Uδxk ,nk , δyk ,mk〉| = 1 = |U〈δx′k ,n
′
k
, δy′
k
,m′
k
〉|,
and d(yk, y
′
k)→∞ as k →∞. Now at least one of the sequences (yk) or (y
′
k)
must have a subsequence tending to infinity in Y so without loss of generality,
we assume that (yk) itself tends to infinity in Y . It follows that the sequence
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(δyk,mk) of unit vectors in ℓ
p(Y ×N) tends weakly to zero. Thus the sequence
(δxk,nk) must eventually leave any norm-compact subset of ℓ
p(X × N), and
(xk) must tend to infinity in X. Passing to another subsequence, we may
assume that d(xk, xk+1) > 2R for all k. Since d(xk, x
′
k) ≤ R, the elements xk
and x′k are all distinct, and the sum
∑
k∈N e(xk ,nk),(x′k ,n
′
k
) converges strongly
to a bounded operator on ℓp(X × N) that is moreover in Bpu(X) ⊗ M
p
∞.
Hence the sum
∑
k∈N
φ(e(xk ,nk),(x′k,n
′
k
)) =
∑
k∈N
h(yk,mk)h(y
′
k,m
′
k)e(yk ,mk),(y′k ,m
′
k
)
converges strongly to a bounded operator in Bpu(Y ) ⊗M
p
∞. In particular,
the sum
∑
k∈N eyk,y′k converges strongly to an operator in B
p
u(Y ). But this
contradicts the property that d(yk, y
′
k)→∞ as k →∞.
The same argument works with the roles of X and Y reversed, and with
U replaced by U−1.
Statements (1) and (2) follow from the observation that
|〈Uδx,0, δf(x),m〉| = 1 = |〈Uδx′,0, δf(x′),n〉|
and
|〈U−1δy,0, δf ′(y),m′〉| = 1 = |〈U
−1δy′,0, δf ′(y′),n′〉|
for some n,m, n′,m′ ∈ N. 
The implication (1) ⇒ (2) in the following theorem generalizes [4, Theo-
rem 4] to all p ∈ [1,∞), while the implication (4) ⇒ (1) is the p 6= 2 analog
of [34, Corollary 6.2], which together with [16, Lemma 8] tells us that in the
p = 2 case, stable isometric isomorphisms between uniform Roe algebras
yield coarse equivalences if the metric spaces have property A.
Theorem 3.4. Let X and Y be metric spaces with bounded geometry. The
following are equivalent:
(1) X and Y are coarsely equivalent.
(2) For every p ∈ [1,∞), there is an isometric isomorphism φ : Bpu(X)⊗
M
p
∞ → B
p
u(Y )⊗M
p
∞ such that φ(ℓ
∞(X)⊗C0(N)) = ℓ
∞(Y )⊗C0(N).
(3) Bpu(X) ⊗ M
p
∞ and B
p
u(Y ) ⊗ M
p
∞ are isometrically isomorphic for
every p ∈ [1,∞).
(4) Bpu(X) ⊗ M
p
∞ and B
p
u(Y ) ⊗ M
p
∞ are isometrically isomorphic for
some p ∈ [1,∞) \ {2}.
(5) For some p ∈ [1,∞), there is an isometric isomorphism φ : Bpu(X)⊗
M
p
∞ → B
p
u(Y )⊗M
p
∞ such that φ(ℓ
∞(X)⊗C0(N)) = ℓ
∞(Y )⊗C0(N).
Proof. (1) ⇒ (2): The proof we present here is essentially the same as the
proof of [4, Theorem 4].
We first assume that there is a surjective coarse equivalence f : X → Y .
Since f is a coarse equivalence, there exists R > 0 such that for each y ∈ Y ,
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the preimage f−1(y) lies in some R-ball in X. Then since X has bounded
geometry, there exists N such that the cardinality of f−1(y) is at most N
for each y ∈ Y . Define N(y) to be the cardinality of f−1(y). For each
y ∈ Y , enumerating the points of f−1(y) gives a bijection between f−1(y)
and {1, . . . , N(y)} ⊆ {1, . . . , N}. We therefore obtain an identification of X
with a subset of Y ×{1, . . . , N}. Let π denote the corresponding projection
fromX to {1, . . . , N}, so that the identification is given by x 7→ (f(x), π(x)).
Define a map φ : X × N → Y × N by φ(x, j) = (f(x), π(x) + jN(f(x))).
Since for each y ∈ Y there is exactly one x ∈ X satisfying f(x) = y and
π(x) = i for i = 1, . . . , N(y), the map φ is a bijection, which gives rise to
an invertible isometry from ℓp(X × N) to ℓp(Y × N), and thus an isometric
isomorphism Φ from B(ℓp(X × N)) to B(ℓp(Y × N)). We will show that Φ
maps Bpu(X)⊗M
p
∞ into B
p
u(Y )⊗M
p
∞, while Φ
−1 maps Bpu(Y )⊗M
p
∞ into
Bpu(X) ⊗M
p
∞, and hence Φ restricts to an isometric isomorphism between
Bpu(X)⊗M
p
∞ and B
p
u(Y )⊗M
p
∞.
We consider the dense subalgebra of Bpu(X) ⊗M
p
∞ consisting of sums of
elementary tensors of the form T ⊗ ej,j′ , where T is a finite propagation
operator on ℓp(X) and ej,j′ is a matrix unit. It suffices to show that such
elementary tensors are mapped by Φ into Bpu(Y )⊗M
p
∞.
Partition X as X =
⋃
n=1,...,N,i=1,...,nXn,i, where
Xn,i = {x ∈ X : N(f(x)) = n, π(x) = i}.
We can write T as
T =
∑
n,n′≤N,
i≤n,i′≤n′
Pn,iTPn′,i′ ,
where Pn,i denotes the projection of ℓ
p(X) onto ℓp(Xn,i). Note that for each
i, the restriction of f to Xi =
⋃
n≥iXn,i is injective, and let Vi : ℓ
p(Xi) →
ℓp(Y ) denote the corresponding isometry. Also, let V †i : ℓ
p(Y ) → ℓp(Xi)
denote the reverse (in the terminology of Phillips [25, Definition 6.13]).
Now fix n, n′, i, i′, and let S = Pn,iTPn′,i′ . Then Φ(S ⊗ ej,j′) = ViSV
†
i′ ⊗
ei+nj,i′+n′j′ . Since f is a coarse equivalence, the operator ViSV
†
i′ has finite
propagation, and hence ViSV
†
i′ ⊗ ei+nj,i′+n′j′ lies in B
p
u(Y )⊗M
p
∞. Since this
holds for each n, n′, i, i′, we conclude that Φ(T ⊗ ej,j′) ∈ B
p
u(Y )⊗M
p
∞.
Showing that Φ−1 maps Bpu(Y ) ⊗M
p
∞ into B
p
u(X) ⊗M
p
∞ is done in a
similar manner, and we omit the details, referring the reader to the proof of
[4, Theorem 4].
Finally, to remove the assumption that the coarse equivalence is surjective,
observe that given any coarse equivalence f : X → Y , there are surjective
coarse equivalences from both X and Y to the image f(X). Hence we have
isometric isomorphisms
Bpu(X)⊗M
p
∞
∼= Bpu(f(X))⊗M
p
∞
∼= Bpu(Y )⊗M
p
∞.
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From the definition of Φ, one sees that this isometric isomorphism maps
ℓ∞(X) ⊗C0(N) onto ℓ
∞(Y )⊗C0(N).
(2) ⇒ (3) ⇒ (4) is trivial.
(4)⇒ (1): If Bpu(X)⊗M
p
∞ and B
p
u(Y )⊗M
p
∞ are isometrically isomorphic
for some p ∈ [1,∞)\{2}, then by Lemma 3.1, we have an invertible isometry
U : ℓp(X × N) → ℓp(Y × N). Let g be as in Proposition 3.2. Then Lemma
3.3 implies that f = πY (g(−, 0)) and f
′ = πX(g
−1(−, 0)) are uniformly
expansive. It remains to be shown that f ◦ f ′ and f ′ ◦ f are close to the
identity.
For each y ∈ Y we have
|〈Uδf ′(y),0, δf(f ′(y)),m〉| = 1 = |〈Uδf ′(y),n, δy,0〉|
for some n,m ∈ N so Lemma 3.3 implies the existence of S ≥ 0 (indepen-
dently of y) such that d(f(f ′(y)), y) ≤ S, i.e., f ◦ f ′ is close to the identity.
Similarly, for each x ∈ X we have
|〈U−1δf(x),0, δf ′(f(x)),m〉| = 1 = |〈U
−1δf(x),n, δx,0〉|
for some n,m ∈ N so f ′ ◦ f is close to the identity.
(2) ⇒ (5): It is clear.
(5) ⇒ (1): If p = 2, we are done by [16, Lemma 8] and Proposition 3.10,
which is independent of Theorem 3.4. If p 6= 2, it is clear that (5)⇒ (4). 
Given a countable group Γ and p ∈ [1,∞), we may represent elements of
ℓ∞(Γ) as multiplication operators on ℓp(Γ), and consider the left translation
action of Γ on ℓ∞(Γ). Then one can define an Lp reduced crossed product
ℓ∞(Γ)⋊λ,pΓ just as how one defines the reduced crossed product C
∗-algebra
(cf. [6, Definition 4.1.4]). Then the proof of [6, Proposition 5.1.3] shows that
ℓ∞(Γ)⋊λ,p Γ is isometrically isomorphic to B
p
u(Γ).
For finitely generated groups, we may replace coarse equivalence by quasi-
isometry in Theorem 3.4. Moreover, if Γ and Λ are non-amenable finitely
generated groups, then Corollary 2.7 applies, so if they are quasi-isometric,
then we get isometric isomorphisms between their ℓp uniform Roe algebras
instead of just stable isometric isomorphisms.
Corollary 3.5. Let Γ and Λ be finitely generated groups. The following are
equivalent:
(1) Γ and Λ are quasi-isometric.
(2) For every p ∈ [1,∞), there is an isometric isomorphism
φ : (ℓ∞(Γ)⋊λ,p Γ)⊗M
p
∞ → (ℓ
∞(Λ)⋊λ,p Λ)⊗M
p
∞
such that φ(ℓ∞(Γ)⊗ C0(N)) = ℓ
∞(Λ)⊗ C0(N).
(3) (ℓ∞(Γ) ⋊λ,p Γ) ⊗M
p
∞ and (ℓ
∞(Λ) ⋊λ,p Λ) ⊗M
p
∞ are isometrically
isomorphic for every p ∈ [1,∞).
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(4) (ℓ∞(Γ) ⋊λ,p Γ) ⊗M
p
∞ and (ℓ
∞(Λ) ⋊λ,p Λ) ⊗M
p
∞ are isometrically
isomorphic for some p ∈ [1,∞) \ {2}.
(5) For some p ∈ [1,∞), there is an isometric isomorphism
φ : (ℓ∞(Γ)⋊λ,p Γ)⊗M
p
∞ → (ℓ
∞(Λ)⋊λ,p Λ)⊗M
p
∞
such that φ(ℓ∞(Γ)⊗ C0(N)) = ℓ
∞(Λ)⊗ C0(N).
If moreover Γ and Λ are non-amenable, then these are also equivalent to:
(6) ℓ∞(Γ)⋊λ,pΓ and ℓ
∞(Λ)⋊λ,pΛ are isometrically isomorphic for every
p ∈ [1,∞).
(7) ℓ∞(Γ)⋊λ,pΓ and ℓ
∞(Λ)⋊λ,pΛ are isometrically isomorphic for some
p ∈ [1,∞) \ {2}.
In the p = 2 case, isometric isomorphisms between the algebras yield
quasi-isometries between the groups if the groups have property A (or equiv-
alently, if they are C∗-exact) by [34, Corollary 6.2], [34, Corollary 6.3], and
[16, Lemma 8].
Instead of Bpu(X) ⊗M
p
∞, one may consider ℓ
p Roe-type algebras, as was
done in the C∗-algebraic setting in [34], and also Bpu(X)⊗K(ℓ
p(N)), which
is not quite a ℓp Roe-type algebra and is different from Bpu(X)⊗M
p
∞ when
p = 1.
Definition 3.6. Let X be a metric space with bounded geometry, let p ∈
[1,∞), and let S be either N or {1, . . . , n} for some n ∈ N. An operator
T = (Txy)x,y∈X in B(ℓ
p(X, ℓp(S))) is said to be locally compact if Txy ∈
K(ℓp(S)) for all x, y ∈ X. A subalgebra Ap[X] of B(ℓp(X, ℓp(S))) is called
an algebraic ℓp Roe-type algebra if
• it consists only of locally compact, finite propagation operators,
• it contains all finite propagation operators T = (Txy)x,y∈X with the
property that there exists N ∈ N such that the rank of Txy is at most
N for all x, y ∈ X.
An ℓp Roe-type algebra Ap(X) is the operator norm closure of some algebraic
ℓp Roe-type algebra.
Remark 3.7. In the definition of locally compact operators, we could have
required all Tx,y to belong to M
p
S :=
⋃
n∈S Mn(C) ⊂ B(ℓ
p(S)), which makes
a difference only when p = 1. This condition will not be satisfied by the ℓ1
uniform algebra UB1(X). Nevertheless, with this alternative definition, the
results below (Theorem 3.8 and Corollary 3.9) still hold.
The ℓp uniform Roe algebra Bpu(X) is an example of an ℓ
p Roe-type
algebra. Recall the algebras UBp(X), Bp(X), and Bps (X) defined on page
3 after Definition 1.6, and that Bps (X)
∼= Bpu(X) ⊗ K(ℓ
p(N)) for all p ∈
[1,∞). The algebras UBp(X) and Bp(X) are also ℓp Roe-type algebras but
Bps (X) is not. All three algebras are coarse invariants while B
p
u(X) is not.
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Indeed, if X and Y are coarsely equivalent, then the isometric isomorphism
Φ : B(ℓp(X, ℓp)) → B(ℓp(Y, ℓp)) in the proof of (1) ⇒ (2) in Theorem 3.4
restricts to isometric isomorphisms Bps (X)
∼= Bps (Y ), UB
p(X) ∼= UBp(Y ),
and Bp(X) ∼= Bp(Y ).
On the other hand, note that all operators of the form ξ ⊗ δx0,n0 , where
ξ ∈ ℓp(X, ℓp(S)), x0 ∈ X, and n0 ∈ S, are contained in any ℓ
p Roe-type
algebra, which enables one to show that Lemma 3.1 holds for ℓp Roe-type
algebras by following the proof of Lemma 2.1. One can then show that the
implication (4) ⇒ (1) in Theorem 3.4 holds with Bpu(X)⊗M
p
∞ replaced by
any ℓp Roe-type algebra or Bps (X).
Thus, we obtain the following analogs of [34, Theorem 4.1, Theorem 5.1
and Theorem 6.1], which deal with the p = 2 case. It is worth noting that
the metric spaces are assumed to have property A in [34, Theorem 4.1 and
Theorem 6.1].
Theorem 3.8. Let X and Y be metric spaces with bounded geometry, let
p ∈ [1,∞)\{2}, and let Ap(X) and Ap(Y ) be ℓp Roe-type algebras associated
to X and Y respectively. If Ap(X) and Ap(Y ) are isometrically isomorphic,
then X and Y are coarsely equivalent. The same conclusion holds if Bps (X)
and Bps (Y ) are isometrically isomorphic.
The converse holds for the algebras UBp(X), Bp(X), and Bps (X). In
particular, since Bps (X)
∼= Bpu(X) ⊗K(ℓ
p(N)) for p ∈ [1,∞), Theorem 3.4
and Corollary 3.5 also hold with M
p
∞ replaced by K(ℓ
p(N)).
Corollary 3.9. Let X and Y be metric spaces with bounded geometry, let
p ∈ [1,∞), and let Ap[X] and Ap[Y ] be algebraic ℓp Roe-type algebras as-
sociated to X and Y respectively. If Ap[X] and Ap[Y ] are isometrically
isomorphic, then X and Y are coarsely equivalent. The same conclusion
holds if Cps[X] and C
p
s[Y ] are isometrically isomorphic.
The converse holds for the algebras UCp[X], Cp[X], and Cps[X].
Finally, let us return to the case p = 2. We will denote the ℓ2 uniform
Roe algebra of a metric space X by C∗u(X) as in the literature.
Let (X, d) be a (discrete) metric space with bounded geometry. For every
R > 0, we consider the R-neighbourhood of the diagonal in X ×X: ∆R :=
{(x, y) ∈ X ×X : d(x, y) ≤ R}. Define
G(X) :=
⋃
R>0
∆R ⊆ β(X ×X).
It turns out that the domain, range, inversion and multiplication maps on
the pair groupoid X×X have unique continuous extensions to G(X). With
respect to these extensions, G(X) becomes a principal, étale, locally compact
σ-compact Hausdorff topological groupoid with the unit space βX (see [32,
Proposition 3.2] or [29, Theorem 10.20]). Since G(X)(0) = βX is totally
disconnected, G(X) is also ample (see [12, Proposition 4.1]). Moreover,
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the uniform Roe algebra C∗u(X) of X is naturally isomorphic to the reduced
groupoid C∗-algebra of G(X), which maps ℓ∞(X) onto C(G(X)(0)) (see [29,
Proposition 10.29] for a proof). We could compare the following proposition
with [37, Corollary 1.16].
Proposition 3.10. Let X and Y be metric spaces with bounded geometry.
Then the following are equivalent:
(1) X and Y are coarsely equivalent.
(2) G(X) and G(Y ) are equivalent as topological groupoids.
(3) G(X) ×R and G(Y )×R are isomorphic, where R denotes the full
countable equivalence relation on N.
(4) (l∞(X) ⊗ C0(N), C
∗
u(X) ⊗ K(ℓ
2(N)) ∼= (l∞(Y ) ⊗ C0(N), C
∗
u(Y ) ⊗
K(ℓ2(N))).
Proof. (1)⇒ (2): It follows from [32, Corollary 3.6].
(2)⇔ (3): It follows from [7, Theorem 2.1].
(3)⇒ (4): This is clear.
(4)⇒ (3): It follows from [28, Proposition 4.13], which is also true without
any change for locally compact σ-compact Hausdorff topologically principal
étale groupoids (see also [22, Remark 5.1]).
(3) ⇒ (1): In particular, Cc(G(X) × R) and Cc(G(Y ) × R) are ∗-
isomorphic. Since Cc(G(X)×R) and Cc(G(Y )×R) are respectively nothing
but Cs[X] and Cs[Y ] as in [34, Example 2.2], we complete the proof by [34,
Theorem 6.1]. 
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